We complete and precise the results of [B.13] and we prove a strong version of the semi-proper direct image theorem with values in the space C f n (M) of finite type closed n−cycles in a complex space M. We describe the strongly quasiproper maps as the class of holomorphic surjective maps which admit a meromorphic family of fibers and we prove stability properties of this class. In the Appendix we give a direct and short proof of D. Mathieu's flattning theorem (see [M.00]) for a strongly quasi-proper map which is easier and more accessible.
Introduction.
It is now a classical result that there exists a geometric flattening theorem for a proper surjective holomorphic map between irreducible complex spaces. This is a rather simple consequence of the existence of the cycle's space of a complex space (see [B.75] and [B-M] ch.IV section 9). This fact can be seen as the meromorphie along the subset of "big fibers" of the "fiber map" for such a morphism. Of course this is a geometric version of the deep flattening theorem of H. Hironaka (see [H.75] ). We consider an analogous statement for a large class of surjective morphisms between irreducible complex spaces with non compact fibers: the strongly quasi-proper maps. The main problem here is the fact that the standard notion of a quasi-proper map is not strong enough for our purpose : the strict transform of a quasi-proper map by a (proper) modification of the target space is no longer quasi-proper in general (see the example following the proposition 3.2.7). This comes from the fact that the quasi-properness is not sufficient to control the limits of generic fibers near a" big fiber". This motivate to work with the notion of strongly proper maps introduced in [M.00], [B.08] in an implicit way and in [B.13] explicitly. We complete and precise the study of the class "strongly quasi-proper maps" introduced in loc. cit. which enjoys several interesting stability properties and which is an useful tool to prove the existence of meromorphic quotients in the category of reduced complex spaces (see [B.13] ). The main results obtained here are :
1. A stronger criterium for proving the SQP property and the fact that this property is equivalent to the existence of a meromorphic fiber map, see the proposition 3.2.2 and the theorem 4.1.1.
2
. A more precise version of a the semi-proper direct image with value in the space C f n (M), see the theorem 2.3.2 which uses a new analytic continuation result given in the theorem 2.2.1.
3. The strong stability theorem for SQP maps, see the theorem 3.2.12.
2 Analytic structure on C f n (M ).
Definitions and examples of analytic subsets.
We suppose that the notion of analytic family of n−cycles is known and also the definition of the topology of the space C loc n (M) for a complex space M (see [B.M] ch. IV section 2). Recall that a n−cycle has finite type if it has only finitely many irreducible components. The subset of finite type n−cycles in M is denoted C f n (M). We define the topology on it as follows : So the inclusion C f n (M) → C loc n (M) is continuous, but it is not a homeomorphism on its image (with the induced topology). For instance, it is easy to see that a continuous family of n−cycles (X s ) s∈S in M parametrized by a Hausdorff topological space S, such that each cycle is of finite type is f-continuous (so corresponds to a continuous map S → C f n (M) with the topology defined above) if and only if its set-theoretic graph |G| ⊂ S × M is quasi-proper over S ; here we use the following definition of quasi-proper, valid as long as we know that the fibers of the continuous map π : G → S are complex analytic subsets (here G ⊂ S × M is closed and the fibers are cycles in the complex space M) : For any point s 0 ∈ S there exists a neighborhood S 0 of s 0 in S and a closed S 0 −proper subset K in π −1 (S 0 ) such that for any s ∈ S 0 any irreducible component of the fiber π −1 (s) meets K. 
M). Assume that the following condition is fullfilled :
• There exists a compact set K ⊂ M such for any irreducible component Γ of each C ∈ A the intersection Γ ∩ K is not empty.
Then A is compact in C f n (M).
Note that conversely any compact subset in C f n (M) \ {∅} is compact in C loc n (M) and satisfies (@) : choose for each C ∈ A an open set U C ∩ Ω(W C ) containig C. As A is compact we can extract a finite sub-covering given by C 1 , ..., C N and take
Proof. Note that any limit of a sequence in A for the topology of C loc n (M) is not the empty cycle, as it contains a point in K. Now, by assumption, for any sequence in A we may find a sub-sequence converging for the topology of C loc n (M) to a cycle in C f n (M). So, applying the proposition 2.1.2, we conclude that such a sub-sequence converges for the topology of C f n (M).
Definition 2.1.4 Let S be a reduced complex space. A map ϕ : S → C f n (M) will be called holomorphic when it classifies a f-analytic family of n−cycles in M.
Recall that an analytic family of n−cycles in M is f-analytic if and only if its set theoretic graph |G| ⊂ S ×M is quasi-proper on S. Of course this condition implies that each cycle in the family is a finite type cycle. But the quasi-properness of the graph asks more : on any compact set L in S we can find a compact set K in M such any irreducible component of any cycle parametrized by a point s ∈ L has to meet K. Proof. As the empty n−cycle is open and closed in C f n (M) it is enough to consider non empty cycles. Let C 0 be any non empty cycle in C f n (M). Choose for each irreducible component Γ i of C 0 an n−scale E i := (U i , B i , j i ) on M adapted to C 0 such that the degree of |C 0 | and Γ i in E i are equal to 1, and note k i := deg E i (C 0 ). Remark that C 0 is reduced if and only if we have
Then a cycle C ∈ V is not reduced if and only if there exists at least one i ∈ I such that C ∩ j
is holomorphic, the proof is consequence of the following claim :
Claim.
• The subset of H(Ū, Sym k (B)) corresponding to non reduced cycles in U × B is a closed analytic subset.
Consider the discriminant map ∆ 0 : Sym
It is induced by a polynomial map 
, then choose a point t 0 which is not a ramification point for the reduced cycle which is the support of the cycle X associated to f . Then locally |X| is the disjoint union of h ≤ k graphs of holomorphic functions f 1 , . . . , f h : V (t 0 ) → B which are two by two disjoint. If X is reduced, we have h = k and on the open neighborhood V (t 0 ) we have
which nowhere vanishes on V (t 0 ). Contradiction. So the claim is proved.
The second interesting example of an analytic subset of C f n (M) and of holomorphic map on it is given by the following proposition.
Proof. First we shall show that the complement of C f n (π) is open: take C 0 ∈ C f n (π). Then it contains two points x and y such that π(x) = π(y). Take two scales E := (U, B, j) and
Note that the degrees of C 0 in E and in E ′ are positive. Now a cycle C such that E and E ′ are adapted to C with the same degrees as C 0 in these scales cannot be in C f n (π) because it has two points with different images by π. This defines an open set in the complement of C f n (π) containing C 0 . To obtain a local holomorphic equation for C f n (π), recall the following facts : i) For any n−scale E := (U, B, j) on M let Ω k (E) be the open set in C loc n (M) of cycles for which E is adapted and the degree in E is k. Then the map
is holomorphic. This is a consequence of the definition of an analytic family of cycles ! ii) If for a given cycle C 0 we have adapted scales E 1 , . . . , E m such that any irreducible component of C 0 meets the union W of the centers of the
, is an open set in C f n (M) and the holomorphic map i∈ [1,m] (B)) . Moreover, the map ϕ : X → F defined by sending X ∈ X to the point π(X) ∈ F such that |X| ⊂ π −1 (π(X)) is holomorphic.
proof. Consider for each h ∈ [1, k] the holomorphic map
given by the h−th Newton symmetric function (
is the h−th symmetric power of F 3 . These maps are holomorphic and for f ∈ H(Ū, Sym k (B)) we can compose the associated mapf ∈ H(Ū, Sym
Now fix a point t 0 ∈ U and a non empty open polydisc U ′ ⊂⊂ U and consider the holomorphic maps
defined as follows : Ψ(f ) is given by the derivative of f onŪ ′ and χ(f ) is given by the collection of the
. These maps are holomorphic and the Banach analytic subset
). To conclude the proof, it is enough to remark that the holomorphic map
Note that an obvious consequence of the previous proposition is the fact that if N is a closed analytic subset in M, then C An useful variant of this result is given by the following lemma. proof. It is enough to consider the case of an analytic family of multiform graphs in a product U × B of polydiscs, classified by an holomorphic map
where T ⊂ U × B is the subset given by T := g −1 (0) for a holomorphic function
is the holomorphic map associated to f keeping the U−component, then consider, for U ′ ⊂⊂ U, the holomorphic map
where Nr(g) : Sym k (U × B) → C is the norm 4 of g. Then for U ′ non empty, the set Φ −1 (0) in S is the corresponding Z. As Φ is holomorphic, this conclude the proof.
This lemma allows to give the following corollary to the proposition 2.1.7 Proof. First we want to prove that the complement of T is open. Let C 0 ∈ T and choose a point x j , j ∈ [1, m], which is not in T ,, and choose in each irreducible component of the cycle C 0 a n−scales E j , j ∈ [1, m], on M \ T , such that x j is in the center of E j for each j. Then k j := deg E j (C 0 ) is positive for each j. Let W be the union of the centers of the scales E j , j ∈ [1, m] and defined the open set U in C f n (M) which contains C 0 by
where Ω k (E) denotes the open set of cycles C such E is adapted to C with deg E (C) = k and Ω(W ) is the set of cycles such that any irreducible component meets W . Then U does not meet T and so T is closed. To prove the analyticity of T consider a cycle C 0 in T and again choose a point x j in each irreducible component of C 0 and for each j ∈ [1, m] a n−scale E j adapted to C 0 with center containing x j . Construct the open set U as above and write in this open set the Banach analytic equations given by the previous lemma in each scale E j . The (finite) union of the analytic sets so defined for each j ∈ [1, m] is equal to T ∩ U, concluding the proof.
Note that this result may not be true in the case of an analytic family of cycles which is not f-analytic as it is shown by the following example.
, n ∈ N, n ≥ 3} and consider the family of 0−cycles in D parametrized by D :
We have X 0 = T and a necessary and sufficient condition on s ∈ D in order that X s meets T is that there exists m, n ∈ N \ {0, 1, 2} with
. This gives that X s meets T if and only iff s = p q with p ∈ Z, q ∈ N \ {0, 1} and | p q | < 1. This is a dense set in ] − 1, +1[ ! We shall conclude this paragraph by an elementary but useful result on the number of irreducible components of cycles in a f-continuous family of cycles.
Definition 2.1.11 Let X := i∈I n i .X i be a finite type n−cycle in a complex space M, where X i are the irreducible components of |X|, n i are positive integers and I is a finite set. We define the weight of X as the integer w(X) := i∈I n i .
Of course when X is a reduced cycle, the weight of X is simply the number of irreducible components of X.
Lemma 2.1.12 Let M be a complex space and n an integer. The weight function
Proof. Let C 0 be a non empty cycle in C f n (M) and choose on M, for each irreducible component Γ i of |C 0 |, an adapted scale
Then for any C ∈ V we have the inequality 1 ≤ w(C) ≤ i∈I k i = w(C 0 ). This is consequence of the fact that each irreducible component of C has to meet W , and that the degree of C in the scale E i is equal to k i .
Then, using the existence of a meromorphic geometrically flat Stein reduction for a meromorphic geometrically f-flat map proved in [B.13] theorem 4.2.4, we obtain the following result. Note that, thanks to the lemma 2.1.6, if there exists one y ∈ N such that ϕ(y) is a reduced cycle, then there exists a dense Zariski open set N ′ in N such for all y ∈ N ′ the cycle ϕ(y) is reduced.
Proof. Let G ⊂ N × M be the graph of the f-analytic family of n−cycles of M classified by ϕ. As the projection π : G → N is geometrically f-flat, we can apply the theorem 4.2.4 of [B.13] , see also the theorem 4.1.1 in section 4. Let ν :G → G the normalization of G, q :G → Q and p : Q → N the maps given by the theorem. Then q is geometrically f-flat with irreducible general fibers and p is proper finite and surjective. If k is the generic degree of p, then it is easy to see, using the lemma 2.1.9 with the subset ν −1 (T ) ⊂G, where T ⊂ G is the subset of non normal points in G, that there is a dense open subset in N on which each ϕ(y) has exactly k irreducible components.
.
The next lemma shows that the graph of a f-analytic family of cycles in M parametrized by an irreducible complex space is again a finite type cycle, assuming that the generic cycle is reduced. It is an easy exercice left to the reader to show that the existence of a reduced cycle in such a family is not necessary for this result. Proof. Let N ′ be the set of points in N such that ϕ(y) is reduced. Then the irreducibility of N and the lemma 2.1.6 imply that
Then the proposition 2.1.13 gives that the number of irreducible components of ϕ(p(z)) for any z in a dense open set
is a dense open set. Note I the set of irreducible components of G. For i ∈ I we shall denote G i the corresponding irreducible component. Let Z be the analytic subset in G corresponding to points which are in two distinct irreducible components of G. It is a closed analytic subset with no interior point in G and also in any irreducible component G i of G. Now for each i the image of the restriction p i of the projection p to G i contains an open dense subset N i 5 , as this restriction is equidimensional between irreducible complex spaces. Now the set I is countable, so the intersection
set in N such that ϕ(y) has no irreducible component contained in Z.Consider now a point y in N 0 ∩ N 1 . Then ϕ(p(y)) is reduced, have k irreducible components, and each irreducible component G i contains at least one of these components; but any irreducible component of ϕ(p(y)) cannot be in two different G i because y is in N 1 . So the set I has at most k elements.
An analytic extension theorem.
The main goal of this paragraph is to prove the following analytic continuation result. 
Let us make explicit the situation of the previous theorem in term of classifying maps : we have a continuous map ϕ :
is the restriction map. Then the statement is that ϕ is holomorphic on an open neighborhood S 0 of s 0 in S, assuming that M ′ meets each irreducible component of |X s 0 |. Remark that the map r is holomorphic 6 so that the holomorphy at s 0 of r • ϕ is a necessary condition for the holomorphy of ϕ on an open neighborhood of s 0 . The theorem says that this condition is sufficient.
One key point in the proof of the previous theorem is given by the following analytic continuation result.
Proposition 2.2.2 Let S be a reduced complex space and let
Proof of the proposition. Consider first the case where S is smooth. As the problem is local on S it is enough to treat the case where S is an open set in some C m . Fix then a relatively compact open polydisc P in S. The function f defines a map
is the Banach space of continuous functions on P , via the formula F (t)[s] = f (s, t) for t ∈ U 2 et s ∈P . The map F is holomorphic:
6 meaning that for any holomorphic map ψ :
this is an easy consequence of Cauchy's formula on a polydisc U ⊂⊂ U 2 with fixed s ∈ S which computes the partial derivatives in t := (t 1 , . . . , t n ):
This shows that F is C−differentiable and its differential in t ∈ U is given by
where F i is the map associated to the function
which is holomorphic for any fixed s ∈ S thanks to the Cauchy formula above. Let H(P , C) be the (closed) subspace of C 0 (P , C) of continuous functions which are holomorphic on P . Our assumption implies that the restriction of F to U 1 takes its values in this subspace. Let us show that for each point t ∈ U 2 , F (t) is still in H(P , C): assume this is not true. Then there exists t 0 ∈ U 2 with F (t 0 ) ∈ H(P , C), and so, by the Hahn-Banach theorem, there exists a continuous linear form λ on C 0 (P , C), vanishing on H(P , C) and such that λ(F (t 0 )) = 0. But the function t → λ(F (t)) is holomorphic on U 2 and vanishes on U 1 . So it vanishes identically contradicting the fact that λ(F (t 0 )) = 0. So F is an holomorphic map with values in H(P , C) and f is holomorphic on S × U 2 when S is smooth. The case where S is a weakly normal complex space is then an immediate consequence, as the continuity of f on S × U 2 and the holomorphie of f on S reg × U 2 , obtained above, are enough to conclude. When S is a general reduced complex space the function f is then a continuous meromorphic function on S × U 2 which is holomorphic on S × U 1 . So the closed analytic subset Y ⊂ S × U 2 of points at which f is not holomorphic has empty interior in each {s} × U 2 . So the criterium 3.1.7 of analytic continuation of chapter IV in [B-M] allows to conclude.
Remark. It is an easy exercise to weaken the hypothesis of the previous proposition replacing the continuity of f by the hypothesis "f is measurable and locally bounded on S × U 2 ". Then replace the Banach space C 0 (P , C) by the Banach space of bounded measurable functions onP and in the second step consider the case where S is normal; conclude following the same lines.
Proof of the theorem 2.2.1. Consider the graph |G| ⊂ S × M of the fcontinuous family (X s ) s∈S and let A be the open set of points in |G| such that the family is analytic in a neighborhood. Precisely, the point (σ, ζ) ∈ |G| is in A if there exist open neighborhoods S σ and U ζ respectively of σ in S and of ζ in M such that the family (X s ∩ M ζ ) s∈Sσ is analytic. Remark that, because of our assumption, A meets each irreducible component of {s 0 } × |X s 0 |. First, assume that there exists a smooth point of |X s 0 | in the boundary of the set A ∩ ({s 0 } × |X s 0 |). Consider now such a point (s 0 , z 0 ) and choose also a n−scale E := (U, B, j) adapted to X s 0 satisfying the following conditions:
Then we have a continuous classifying map f :
where S 1 is an open neighborhood of s 0 in S. The map f is holomorphic for each fixed s ∈ S 1 . As the point (s 0 , z 0 ) is in the boundary of the open set A∩({s 0 } ×|X s 0 |) of {s 0 } ×|X s 0 |, there exists a (non empty) polydisc U 1 ⊂ U such that the restriction of f to S 1 × U 1 is holomorphic near s 0 . So, up to shrink S 1 , we can assume that f is holomorphic on S 1 × U 1 . Applying the proposition 2.2.2 to each scalar component of f , we conclude that f is holomorphic on S 1 × U. As we can apply the previous argument to any linear projection of U × B on U near the vertical one, we obtain also the fact that f is an isotropic map. This contradicts the fact that (s 0 , z 0 ) is in the boundary of
If the boundary of A ∩ ({s 0 } × |X s 0 |) is contained in the singular set of |X s 0 |, then we can apply the criterium ([B-M] ch.IV critère 3.9.1) to obtain directly that A contains |X s 0 |. So in all cases, the family (X s ) s∈S is analytic at s 0 . As the graph |G| is quasi-proper on S by assumption, it is enough to apply the proposition 2.2.3 to conclude the proof. 
Then, as there is a finite number of Γ, the subset S ′ := ∩ Γ S Γ is an open neighbourhood of s 0 in S 1 , and the family (X s ∩V ) s∈S ′ is analytic where V := ∪ Γ W Γ . Then, for each point s 1 ∈ S ′ , we may apply the first part of the proof of the theorem 2.2.1 which is given above (without the present proposition) and conclude that our family is holomorphic at any point s 1 ∈ S ′ .
Remark that the previous result is not true in general for a family of cycles which is analytic at s 0 and is not f −continuous in a neighbourhood of s 0 .
2.3
The semi-proper direct image theorem. Here is our improvement. This improvement of the theorem 5.0.5 of [B.13] will allow us to avoid to restrict several statements to weakly normal complex spaces. It is also an opportunity to precise the proof of this delicate result.
The main tool for the proof of the theorem 2.3.2 is the semi-proper direct image theorem of [M.00] and the theorem 2.2.1. Before going to the proof of the theorem 2.3.2 we have to give some details here on a crucial point for the use of the semi-proper direct image theorem with value in a Banach space in order to have a semi-proper direct image theorem with values in C f n (M) for any complex space M. This is to be compared with condition (H) in [M.00].
Proposition 2.3.3 Let M and S be reduced complex spaces and ϕ :
Proof. First recall that a basis of the topology of C f n (M) is given by finite intersections of open sets of the type Ω k (E) and Ω(W ); here Ω k (E), associated to an natural integer k ≥ 0 and a n−scale E on M, is defined as the subset of C ∈ C f n (M) such that E is adapted to C and deg E (C) = k and the open set Ω(W ), associated to a relatively compact open set W in M, is defined as the subset of C ∈ C f n (M) such that each irreducible component of C meets W . Fix C 0 ∈ C f n (M) and, using the semi-properness of ϕ, let
As ϕ(K) is a compact subset in C f n (M), there exists a relatively compact open set W 0 in M such that for any s ∈ K any irreducible component of ϕ(s) meets W 0 . As we can make V smaller around C 0 keeping the condition ( * ) above, we shall assume that W 0 is one of the W i , i ∈ [1, M] and that the union of the centers of the scales E i , i ∈ [1, N] contains the compact setW 0 . We consider now the holomorphic map
is the classifying map of C in the scale E i := (U i , B i , j i ) and where U is an open set in the Banach space
is a closed analytic subset of U. Then f : V → U is holomorphic and injective. We shall show that f induces an homeomorphism of V ∩ ϕ(S) onto f (V ∩ ϕ(S)). As this map is bijective and continuous, it is enough to prove that this map is closed; if the sequence (f (C ν )) converges to f (C) in U where C ν and C are in V ∩ ϕ(S), we shall prove that the sequence (C ν ) converges to C in V (that is to say in C f n (M)). The convergence of (f (C ν )) to f (C) implies the convergence of (C ν ∩ W 0 ) to C ∩ W 0 in C loc n (W 0 ), as we assume that the union of the centers of the scales E i coversW 0 (see [B-M] ch. IV). Write C ν = ϕ(s ν ) where s ν is in K. Up to pass to a subsequence, we can assume that the sequence (s ν ) converges to t ∈ K. Then (C ν ) converges to
clear that D is in V and then equal to C. Nevertheless we have C ∩ W 0 = D ∩ W 0 by the uniqueness of a limit in C loc n (W 0 ). As C and D are in ϕ(K), each irreducible components of C and D meets W 0 , and this allows to conclude that D = C. As each converging subsequence of the sequence (C ν ) converges to C and as we are in the compact set ϕ(K) of C f n (M), we obtain that the sequence (C ν ) converges to
9 The image of a semi-proper map is locally compact; so it is locally closed in U. 
is an holomorphic homeomorphism (see [B.75] chapter III or [B-M 2] chapter V), and as the mapf
is holomorphic, we obtain that the mapf 
is holomorphic. To conclude, it is enough to use the fact thatf andf −1 are holomorphic between V ∩ ϕ(S) andf (V ∩ ϕ(S)).
Remark. We can avoid to use the full strength of the theorem 2.2.1 in the proof above, because the semi-properness of the mapf •ϕ : ϕ −1 (V) →f (V ∩ϕ(S)) implies the semi-properness of the holomorphic map
where |G| ⊂ S × M is the set-theoretic graph of the f-analytic family classified by ϕ. Then the (finite dimensional) semi-proper direct image theorem of Kuhlmann gives the analyticity of the set-theoretic graph of the f-continuous family parametrized bỹ f (V ∩ ϕ(S)), so the fact that this family is weakly holomorphic.
Meromorphic maps to
Terminology.
• A modification between two reduced complex spaces will be always a proper holomorphic map which induces an isomorphism between two dense Zariski open sets.
• We shall say that a holomorphic map p : P → N between two irreducible complex spaces is dominant if there exists an open dense subset Λ ⊂ P such that the restriction of p to Λ is an open map with dense image in N. When P is not irreducible, we shall say that p is dominant when its restriction to each irreducible component of P is dominant.
Remark that this implies that the restriction of p to the smooth parts of P has generically maximal rank equal to dim N.
Definition 2.4.1 Let π : M → N and p : P → N be two holomorphic maps where M, N, P are complex spaces. Assume that N is irreducible and that π and p are dominant. Then we shall call the strict fiber product of π and p, the map
which is the restriction of the projection of the usual fiber product to the union of the irreducible components of M × N P which are dominant over P .
Of course, the strict fiber product has two holomorphic projections on M and P which factorize its natural projection on N. They are both dominant.
The reader will find easily examples of fiber products which are not equal to the corresponding strict fiber product. For instance, if τ : M → N is a modification which is not injective, the fiber product M × N M has at least one irreducible component which is not contained in the corresponding strict fiber product which coincides with the map τ itself.
It is an easy exercise left to the reader to prove that if we assume that p : P → N is a modification and that π : M → N is dominant the projection M × N,str P → M is a modification.
The definition of a meromorphic map from a reduced complex space N to C f n (M) is the usual one. To define the "graph" of such a meromorphic map we shall need the following corollary of the theorem 2.3.2.
Corollaire 2.4.3 Fix a complex space M and an integer n. Let N and P be reduced complex spaces and let ϕ : N → P ×C f n (M) be a semi-proper holomorphic map. Then ϕ(N) is a closed analytic subset in P × C f n (M) which is locally of finite dimension. The proof will be an easy consequence of the theorem 2.3.2 using the following lemma.
Lemma 2.4.4 Fix a complex space M and an integer n. Let P be a reduced complex space. Denote p : P × M → P and q :
Proof. Denote α : C f n (p) → P the natural holomorphic projection (see the proposition 2.1.7) and β : C f n (p) → C f n (M) be the holomorphic map induced by the direct image by q. Remark that for any p−relative n−cycle the restriction of q is a holomorphic homeomorphism on its image which is closed (so the restriction of q to such a cycle is a homeomorphism), then the direct image theorem with parameter applies (see [B.75] Proof. To prove the properness of the map (σ, ϕ 1 ) we have to prove that it is a closed map and that all fibers are compact. The second point is obvious as σ is proper. So consider a closed set F in N and a sequence (y ν ) in F such that (σ(y ν ), ϕ 1 (y ν )) converges to (x, C) ∈ N × C f n (M). Take a compact neighbourhood V of x in N. As σ is proper, σ −1 (V ) is compact and contains all y ν for ν large enough. So, up to pass to a subsequence, we can assume that (y ν ) converges to y in N 1 . Then the sequence (ϕ 1 (y ν )) converges to ϕ 1 (y) in C f n (M). So we have y ∈ F and (x, C) = (σ, ϕ 1 )(y). The last assertion is obvious.
Note that the projection τ of the reduced complex spaceÑ := (σ, ϕ 1 )(N 1 ) on N is a proper modification and that the mapφ :Ñ → C f n (M) is holomorphic and extends ϕ • τ . Moreover, for any modification σ 2 : N 2 → N such that there exists a holomorphic map ϕ 2 : N 2 → C f n (M) extending ϕ • σ 2 the holomorphic map (σ 2 , ϕ 2 ) factorizes throughÑ, meaning that there exists a holomorphic map h : N 2 →Ñ such that σ 2 = τ • h and ϕ 2 =φ • h. 3 Strongly quasi-proper maps.
We first explain that geometrically f-flat maps (resp. strongly quasi-proper maps) is the class of holomorphic maps admitting a holomorphic fiber map (resp. a meromorphic fiber map) defined on the target space with values in the space of finite type cycles of the source space (of the appropriate dimension). Then we give some basic results for these notions including stability results in order to dispose of easy criteria ensuring that a holomorphic map is strongly quasi-proper, condition which is not so simple to verify directly on the definition. Of course these tools are essential for the applications given in [B.13] mainly because they allow to use the holomorphic semi-proper direct image theorem 2.3.2 with values in the space C f n (M) where M is any complex space and n any integer. for an example of how these tools allow to give some results on meromorphic quotients for some holomorphic action of a complex Lie group on a reduced complex space see [B.15] .
Geometrically f-flat maps.
We recall first the notion of geometrically f-flat holomorphic map. Note that the lemma 2.1.14 implies that in this situation M has finitely many irreducible components. The restriction of π to each of these irreducible components is quasi-proper and equidimensional (so surjective), but it is not true that these restrictions are GF maps ; see the example below. But it is not far to be true as we shall see thanks to the lemma 3.1.3 and the remark 2 following the definition 3.1.4
Example. Let X := {(x, y) ∈ C 2 / x 2 = y 3 } and let f : X → C the continuous meromorphic function defined by f (x, y) = x/y. Let G ± ⊂ X × C the graph of ±f and define Y := G + ∪ G − ⊂ X × C. Then the projection π : Y → X is a GF map, as the map F : X → Sym 2 (C) ≃ C 2 given by F (x, y) = (0, y) is holomorphic and classifies the fibers of π (note that f 2 (x, y) = y). But the restriction of the projection to the irreducible component G + of Y is not a GF map as f is not holomorphic on X.
Lemma 3.1.2 Let π : M → N be a holomorphic n−equidimensional map between a pure dimensional complex space M to an irreducible complex space N, where the integer n is equal to dim M − dim N. Assume that there exists a holomorphic map
such that for any y in a dense set in N the cycle ϕ(y) is reduced and equal to the fiber of π. Then π is a GF map.
Proof. As for y in a dense set we have ϕ(y) ∈ C f n (π) which is a closed (analytic) subset in C f n (M) (see the proposition 2.1.7), we have |ϕ(y)| ⊂ π −1 (y) for any y ∈ N. Consider the second projection pr : G → M of the graph G ⊂ N × M of the f-analytic family of n−cycles classified by ϕ. As π is an open map, there exists a dense subset of x in M such that (π(x), x) is in G. So the holomorphic map (π, id M ) : M → N × M takes its values in G and it gives a holomorphic inverse to pr. So π is a GF map.
Remark. A GF-map is quasi-proper, equidimensional and surjective. But a holomorphic quasi-proper equidimensionnal (and then surjective) map between irreducible complex spaces is not always a GF map : for instance the (weak) normalization of a reduced complex space N is not a GF-map if N is not (weakly) normal. Nevertheless the next lemma explains that such a map it is not so far to be a GF map. ii) The projection 13π :M := M × N,strÑ →Ñ is a GF-map.
Proof. Assume i) ; first let us prove thatπ is quasi-proper. LetK be a compact set inÑ ; as K := ν(K) is a compact set in N there exists a compact set L in M such that each irreducible component of a π −1 (y) for y ∈ K meets L. Then the compact set (L × ν −1 (K)) ∩ (M × NÑ ) meets any irreducible component of aπ −1 (ỹ) for eachỹ ∈ ν −1 (K). Soπ is quasi-proper as any irreducible component of a fiber ofπ is an irreducible component of a fiber of π. The n−equidimensionality ofπ is obvious. Nowπ : M × N,strÑ →Ñ is quasi-proper and equidimensional on a normal complex space, so there exists a holomorphic map (see [B.M] 
forỹ general inÑ, where we putM := M × N,strÑ . Using the analyticity of the direct image of cycles by ν the lemma 3.1.2 gives thatπ is a GF map. Conversely, assume ii). First we prove the n−equidimensionality of π. Assume there exists a non normal point y ∈ N such that the fiber π −1 (y) has an irreducible component Γ of dimension strictly bigger than n. This irreducible component does not appears in a fiber ofπ. We can find a sequence of points in π −1 (N norm ) converging to the generic point of Γ, where N norm is the open dense set of normal points in N. AsM is a finite modification of M we can assume, up to pass to a sub-sequence, that this sequence converges inM . We then find a point y in N such that the fiber ofπ contains the generic point of Γ. This contradicts our assumption. Let us prove the quasi-properness of π. Let K be a compact in N ; then ν −1 (K) is a compact inÑ and so there exists a compact L in M such that any irreducible component ofπ
Definition 3.1.4 A holomorphic map π : M → N between a pure dimensional complex space M to an irreducible complex space N which satisfies the conditions of the lemma above will be called a weakly geometrically f-flat map (in short a wGF map).
Remarks.
1. As in the situation of the previous lemma the projection M × N,strÑ → M is a modification, this implies that M has finitely many irreducible components because the lemma 2.1.14 implies thatM := M × N,strÑ has only finitely many irreducible components.
component of M is a wGF map, then π is a wGF map, again thanks to the lemma 3.1.3.
4. If π : M → N is a wGF map then for any closed irreducible analytic subset P ⊂ N the restriction π π −1 (P ) : π −1 (P ) → P is a wGF map.
The first stability results for this notion of wGF map are given by the following lemma.
Lemma 3.1.5 Let α : M → N be a wGF map and σ : P → N be a dominant holomorphic map of an irreducible complex space P to N. The the natural projection of the fiber productα : M × N,str P → P is a wGF map. If α is a GF map, so isα.
proof. Assume first that α is geometrically f-flat; its fibers are classified by a holomorphic map ϕ : N → C f n (M) where n := dim M − dim N. Compose this map with σ; this gives a holomorphic map ϕ • σ which classifies a f-analytic family of n−cycles in M parametrized by P . Let G ⊂ P × M the graph of this family. As for y generic in N the cycle ϕ(y) is reduced and the map σ is dominant, the graph G of the family parametrized by P is reduced and given by
But, as |ϕ(y)| = α −1 (y) for each y ∈ N, we see that G = M × N,str P and that for z in a dense set in P the fiber of the projection of G on P is the fiber of the mapα. So this map is geometrically f-flat, thanks to the lemma 3.1.2. Consider now the case where α is only a wGF map. So, thanks to the lemma 3.1.3, if ν :Ñ → N is the normalization of N, the fiber productM := M × N,strÑ has a projectionα onÑ which is a GF map. Consider now the normalization µ :P → P . We have the following commutative diagram, whereσ is a lifting of σ • µ toÑ which exists by normality ofP as σ is dominant.
Let ϕ :Ñ → C f n (M) the holomorphic map classifying the fibers of the GF mapα. Composed withσ and with the direct image mapν * for n−cycles (see [B.M] ch. IV case of a proper map) it gives a holomorphic map
and it is easy to see that for z in a general subset inP its value is the reduced cycle C in M where the cycle C × {z} in M × N,strP which is the fiber of the natural projection p : M × N,strP →P , as we have (M × N,str P ) × P,strP ≃ M × N,strP . So p is a GF map from the first case proved above, and we conclude the proof thanks to the lemma 3.1.3.
Remark. Let α : M → N be a wGF map and σ : P → N any holomorphic map, it is easy to see that the projection M × N,str P → P is again a wGF map using the lemma 3.1.3 ; this generalizes the previous lemma and the remark 4 following the definition 3.1.4. Note that the case of a GF map is not clear because the image of σ may be inside the locus of non reduced fibers of α. Proof. Put m := dim M −dim N and also n := dim N −dim P . Fix an irreducible component ∆ of (β •α) −1 (z) for some z in P . Then α induces a map α ′ : ∆ → β −1 (z) where β −1 (z) has pure dimension n and α ′ has pure dimension m fibers. So ∆ has dimension at most m+n, and, as the map β •α is surjective between each irreducible component of M and the irreducible complex space P with dim M − dim P = m + n, we obtain that ∆ has dimension m + n and also that α(∆) is dense in an irreducible component Γ of β −1 (z). So β • α is equidimensional (and surjective). We shall show that it is also quasi-proper. Let z 0 be a point in P . The quasiproperness of β implies that there exists an open neighborhood V of z 0 in P and a relatively compact open set W in N such that any irreducible component Γ of any fiber β −1 (z) for z ∈ V meets W . As W is relatively compact and α quasi-proper, there exists a relatively compact open set U in M such any irreducible component Γ of a fiber α −1 (y) with y ∈ W meets U. Take now z ∈ V and ∆ an irreducible component of (β • α) −1 (z). Let Γ be the irreducible component of β −1 (z) in which α(∆) is dense (see above). As Γ meets W the dense set α(∆) in Γ meets the non empty open set Γ ∩ W of Γ. Let y be a point in α(∆) ∩ W such that there exists a point x in ∆ with α(x) = y and such that x is a smooth point in (β • α) −1 (z). Such a point x exists because we may choose y to be a smooth point in β −1 (z) and also in the image of the open dense set in ∆ of points which are smooth in (β • α) −1 (z). Now an irreducible component Γ of α −1 (y) containing x has to be contained in ∆ as it is contained in (β • α) −1 (z) and contains x. But such a Γ meets U as y is in W . So ∆ meets U. This gives the quasi-properness of β • α.
The next lemma will be used later on. Proof. Our assumption gives a holomorphic map ϕ : N → C n (M 1 ) which classifies the fibers of τ • α. Denote by Σ the center of τ . Then the corollary 2.1.10 implies that for generic y ∈ N no irreducible component of |ϕ(y)| is contained in τ −1 (Σ) (see the corollary 2.1.10); then the direct image τ * (ϕ(y)) has its support equal to α −1 (y). This means that the composition of ϕ with the direct image of n−cycle by τ gives a holomorphic map ψ : N → C n (M) such that for generic y ∈ N we have ψ(y) = |ψ(y)| = α −1 (y). As α is n−equidimensional because dim α −1 (z) ≤ dim(α • τ ) −1 (z) for each z ∈ N, the lemma 3.1.2 allows to conclude that α is a GF map.
Lemma 3.1.8 Let α : M → T and p : T → N holomorphic maps between normal complex spaces such that p is proper finite and surjective and p • α is GF. Then α is a GF map.
Proof. As N is normal, it is enough to show that α is quasi-proper and equidimensional. Let δ be an irreducible component of α −1 (t) for some t ∈ T . As p has finite fibers, δ is an irreducible component of (p • α) −1 (p(t)) and so has pure dimension n := dim M − dim N. So α is n−equidimensional and any irreducible component of the fiber of α at a point t ∈ T is an irreducible component of the fiber of p • α at the point p(t). Let K be a compact subset in T ; then p(K) is compact and there exists a compact set L in M such that for any y ∈ p(K) any irreducible component γ of (p • α) −1 (y) meets L. Now an irreducible component of a fiber at a point t ∈ K is an irreducible component of a fiber of p • α at the point p(t) ∈ p(K). So it meets the compact L.
It is an simple exercice to show an analoguous result for wGF maps instead of GF maps (and the normality assumptions can be omitted).
We conclude this paragraph on GF maps by the following "embedding theorem". Proof. The first step of the proof is to show that the map ϕ is proper, that is to say that ϕ is closed with compact fibers. But as this map is clearly injective we only have to prove that for any closed subset F ⊂ N its image ϕ(F ) is closed in C f n (M). So consider a sequence (y ν ) of points in F such that the sequence (ϕ(y ν )) converges to an element C 0 ∈ C f n (M). Let W ⊂⊂ M a relatively compact open set in M such that each irreducible component of |C 0 | meets W . As Ω(W ) is an open set in C f n (M) containing C 0 the cycle ϕ(y ν ) is in Ω(W ) for ν large enough. So choose for each such ν a point x ν in W ∩ π −1 (y ν ). Then each x ν is in the compact setW ∩ π −1 (F ). Up to pass to a sub-sequence we may assume that the sequence (x ν ) converges to a point x ∈W ∩ π −1 (F ). Then y := π(x) is in F and is the limit of the sequence (y ν ), so we have C 0 = ϕ(y) with y ∈ F . So the map ϕ is closed and then proper. Now the theorem 2.3.2 14 implies that N π := ϕ(N) is a closed analytic subset which is an irreducible complex space and ϕ : N → N π is a holomorphic homeomorphism. To complete the proof of the theorem we have to show that any germ of holomorphic function at a point y ∈ N is the pull-back of a germ of holomorphic function of N π at the point ϕ(y). So fix a point y ∈ N and a holomorphic germ f ∈ O N,y . Choose a smooth point x of |ϕ(y)|. Let E := (U, B, j) be a n−scale on M adapted to ϕ(y) such that x is in j −1 (U × B) and such that ϕ(y) ∩ j −1 (U × B) = k.j −1 (U × {0}). Then we can assume that the holomorphic germ f ∈ O N,y is define on the open set π(j
it has a B−proper support and it is∂−closed. Then it induces by integration on cycles a holomorphic function on the open set Ω k (E)
On any ϕ(z) = C ∈ ϕ(N) ∩ Ω k (E) this holomorphic function takes the value f (z), and this proves that ϕ : N → N π is an isomorphism of complex spaces.
Note that, conversely, if ϕ :
is a proper holomorphic embedding, a necessary and sufficient condition for ϕ to be the fiber map of a GF homorphic map π : M → N is the fact that for y generic in N the cycle ϕ(y) is reduced and that the projection p : G → M of the graph G ⊂ N ×M of the f-analytic family parametrized by N is an isomorphism onto M. Of course this implies that for y = y ′ in N the cycles ϕ(y) and ϕ(y ′ ) are disjoint.
Strongly quasi-proper map.
Recall now, for the convenience of the reader, the definition of a strongly quasiproper map given in [B.13], using the terminology introduced above. Consider the following situation :
The standard situation. Let π : M → N be a holomorphic map between a pure dimensional complex space M and an irreducible complex space N. Define the integer n as n := dim M − dim N. Assume that there is a closed analytic subset Σ ∈ N with no interior point in N such that the restriction π Remark. For a quasi-proper surjective map π : M → N between irreducible complex spaces, with n := dim M − dim N, there always exists a closed analytic subset Σ ⊂ N with no interior point in N such that the following restriction of π π ′ : M \ π −1 (Σ) → N \ Σ is a GF map (see the end of the proof of the proposition 3.2.2 for details).
Definition 3.2.1 In the standard situation described above we shall say that π is strongly quasi-proper (a SQP map for short) if and only if the closureΓ of
Of course we shall show that a SQP map is quasi-proper in the usual sense (see the proof of the next proposition).
We begin by an improvement of the criterium given in [B.13] in order that a holomorphic map π : M → N between irreducible complex spaces will be SQP. Then the map h is strongly quasi-proper.
Proof. The empty n−cycle is open (and closed) in C f n (M) so any sequence converging to it is stationary. As Λ is dense in N and γ(y) = ∅ n for y ∈ Λ, any fiber of τ cannot be equal to {∅ n }. But τ (Γ) = N as it is closed and contains Λ. This implies that h(M) = τ (Γ) = N and h is surjective. Our second step (and the main step in fact) will be the proof that the map h is quasi-proper. So fix a point y ∈ N and let V be an open relatively compact neighbourhood of y in N. Fix y ′ ∈ V and choose an irreducible component
Up to pass to a sub-sequence, we can assume that the sequence (γ(h(x ν ))) converges to a cycle δ ∈ C f n (M). As we have x ν ∈ γ(h(x ν )) for each ν we have x ′ ∈ |δ|. By compactness of the subset p(τ −1 (V )) of C f n (M), 16 We mean here reduced as a cycle ; this is equivalent to the fact that the natural structure of complex space on this fiber is generically reduced "in the algebraic sense".
17 From the surjectivity of h proved above, h −1 (y ′ ) is not empty.
there exists a compact subset K in M such that any irreducible component of any cycle in p(τ −1 (V )) meets K. So this is the case for each irreducible component of any cycle γ(h(x ν )) and of δ. Let δ 0 be an irreducible component of δ containing x ′ . So δ 0 meets K. But |δ| is contained in h −1 (y ′ ) because the condition for a n−cycle in C f n (M) to be contained in a fiber of h is a closed condition (see the proposition 2.1.7). As δ 0 is irreducible, contained in h −1 (y ′ ) and contains x ′ , this implies δ 0 ⊂ C and so C meets K. So we have proved that for any y ∈ N there exists an open neighbourhood V of y in N and a compact set K in M such that for any y ′ ∈ V and any irreducible component C of h −1 (y ′ ) the intersection C ∩ K is not empty. This is the definition of the quasi-properness of the map h. Now we conclude that the subset Σ 0 of N of y such that dim h −1 (y) > n is a closed analytic set with no interior point because Σ 0 is the image by h of the closed analytic subset
in M which is an union of irreducible components of fibers of h; so the restriction of h to this analytic subset is still quasi-proper. So Kuhlmann's theorem gives the conclusion. Now let Σ 1 be the closed analytic subset of non normal points in N and let The following proposition summarizes some basic properties of a SQP map. 
that is to say that any "big fiber" of π is filled up by limits of generic fibers.
Proof. The properties i) and ii) has been proved in the proof of the proposition 3.2.2. The point iii) is proved in the proposition 3.2.5. To prove iv) consider a point x ∈ M and consider a sequence (x ν ) in π −1 (N \ Σ) converging to x, where N \ Σ is a dense open set where ϕ is holomorphic. This exists by irreducibility of M. Then y ν := π(x ν ) converges to y := π(x) and ϕ(y ν ), up to pass to a sub-sequence (τ is proper), converges to a pointỹ ∈ τ −1 (x). We have x ν ∈ |ϕ(y ν )| for each ν so that x is in |φ(ỹ)|.
Remark. For an equidimensional surjective holomorphic map between irreducible complex spaces to be strongly quasi-proper is equivalent to be a quasi-proper map. But if a surjective holomorphic map is not equidimensional, the condition to be quasi-proper is not strong enough; in particular it is not stable by taking the strict transform of π : M → N by a modification on N. Of course, our definition of a SQP map will be stable by such an operation. But we shall see that this notion enjoys many other stability properties. The reader can also see interesting applications of this notion in [B.13] in the construction of meromorphic quotients for a large class of non proper analytic equivalence relations.
Example. Let Y := { ((a, b) , (x, y)) ∈ C 2 × C 2 / a.x 2 + b.x − a 2 .y 2 = 0} and let π : Y → C 2 the map induced by the first projection. Then we have the following properties I) The (algebraic) hypersurface Y of C 4 is irreducible (in fact normal and connected).
II) The map π : Y → C 2 is quasi-proper.
III) The map π is not strongly quasi-proper.
IV) More precisely, after blowing-up the origin in C 2 the strict transform of π is no longer quasi-proper.
Proof of i). The critical set of the polynomial P (a, b, x, y) if given by the following equations
So the subset S := {a = b = x = 0} ∪ {x = y = b = 0} which is one dimensional and is contained in Y is the singular subset of Y . So the singular set of Y is exactly S. As it has codimension 2 in Y , the hypersurface Y is normal. We shall see that each fiber of π is connected and then the fact that C 2 × {0} is a section of π implies that Y is connected. So Y is irreducible.
Proof of ii). First we shall describe the fibers of π. For a.b = 0 the fiber π −1 (a, b) is a smooth conic containing the origin in C 2 . For a = 0 and b = 0 the fiber π −1 (a, b) is the union of two distinct lines through the origin. For a = 0 and b = 0 the fiber π −1 (0, b) is the line x = 0 which also contains the origin. Finally the fiber π −1 (0, 0) is C 2 . So each fiber is connected and contains the origin. Then the π−proper set C 2 × {0} meets every irreducible component of any fiber of π, so this map is quasi-proper. Now, for s = 0 fixed, the limit of this non degenerate conic when b goes to 0 is the union of the lines {x = 0} and {x = −1/s}. And it is clear that when |s| goes to 0, the component {x = −1/s} gets out of any compact set in C 2 . This phenomenon of escape at infinity near the point (0, 0) in the target of π implies that the map π cannot be strongly quasi-proper.
Proof of iv). Consider now the blow-up τ : X → C 2 of the (reduced) origin in C 2 . The complex manifold X is the sub-manifold
It will be enough to show that the strict transform of π over the chart {β = 0} of X is not quasi-proper to achieve our goal. So let s := α/β. Then we have coordinates (s, b) ∈ C 2 for this chart on X. The total transform of Y is given by the equation
and, as the function b is not generically zero on the strict transformỸ of Y by τ , we haveỸ
So the fiber of the strict transformπ at the point (s, 0) is the union of the two lines {x = 0} and {x = −1/s} for s = 0. Then it is clear that this map is not quasi-proper as an irreducible component of the fiber at (0, s), s = 0 gets out of any compact set in C 2 when s = 0 goes to 0.
Important remark. The previous example is algebraic. And in opposition of the context where the notion of a strongly quasi-proper map has been introduced (in complex analytic geometry), this notion makes sense in algebraic geometry and is, of course, related to the behaviour of the limits of generic fibers of a map in some compactification of the map. But it is independent of the chosen compactification and so it has to be considered also in algebraic geometry. Note that the phenomenon of "escape at infinity" happens in the algebraic setting, but not the phenomenon of "infinite breaking" 19 , which is purely transcendental.
In order to prove some more stability results for SQP maps, we shall use the following two lemma.
Lemma 3.2.8 Let α : M → N and β : N → P be holomorphic surjective maps between irreducible complex spaces and let σ :P → P be a holomorphic dominant 19 We say that we have an infinite breaking when the limit in the sense of C loc n (M ) of a sequence (C ν ) of irreducible cycles has infinitely many irreducible components. 
Proof. For the "usual" fiber product we have a canonical isomorphism
given by the obvious projection : the inverse is given by (x,z) → (x, (α(x), σ(z)). Then our hypothesis allows to see that the strict transforms correspond via this isomorphism.
Lemma 3.2.9 Let M, N,Ñ , P be irreducible complex spaces, let α : M → N and τ :Ñ → N be holomorphic surjective maps and σ : P → N a dominant holomorphic map. Note α 1 and α 2 the strict transforms of α by τ and σ respectively. Let P 1 :=Ñ × N,str P , and note τ ′ : P 1 →Ñ and σ ′ : P 1 → P the projections. Then note α Proof. By assumption, there exists a modification τ :Ñ → N such that the strict transform α 1 : M 1 →Ñ is a GF map. If τ ′ : P 1 →Ñ is the strict transform of σ, it is again dominant and we can apply the lemma 3.2.9 to obtain that the strict transform of α 1 by τ ′ is a GF map. Now, as the lemma 3.2.9 gives that α ′ 2 ≃ α ′ 1 the conclusion follows thanks to the lemma 3.1.7.
Proposition 3.2.11 Let M, N, P be irreducible complex spaces, α : M → N be a holomorphic wGF map and β : N → P a holomorphic SQP map. Then the composed map β • α is a SQP map.
Proof. Let σ :P → P a modification such that the strict transformβ :Ñ →P is a GF map. Noteσ :Ñ → N the modification induced by the projection. Then the strict transformα of α by σ is a wGF map, thanks to lemma 3.1.5, and the composed mapβ •α is then a wGF map using the lemma 3.1.6 ; then β • α si a SQP map by the remark following the proof of the proposition 3.2.4 and we conclude using the lemma 3.2.8.
Remarks.
1. Note that we dont need that the map β is holomorphic in the proof above : if we compose a wGF map with a meromorphic strongly quasi-proper map 20 we obtain a meromorphic strongly quasi-proper map.
2. It is not true that the composition of a modification with a SQP map is again a SQP map. The example below shows that the composition of a modification with a GF map is not quasi-proper in general.
Example. Let α : C 2 → C the projection on the first coordinate. Then α is clearly a GF map. Consider now τ : X → C 2 the blow-up in C 2 of the reduced ideal defining the closed analytic subset Z × {0}. Then the map α • τ : X → C has a fiber at 0 which is not a finite type cycle. So this map is not quasi-proper but nevertheless equidimensional.
We conclude this section by another important stability result for strongly quasiproper holomorphic maps. The proof of this result will use the following proposition.
Proof of the theorem 3.2.12. We begin by the description of such an X: Let τ :Ñ → N a modification such that there exists ϕ :Ñ → C f n (M) a holomorphic map classifying the generic fibers of α. LetZ an irreducible component of τ −1 (Z) which is surjective onto Z and let Y := α −1 (Z) × Z,strZ . The projection p 2 : Y →Z is a GF map and the projection p 1 : Y → α −1 (Z) is proper. LetX be an irreducible component of Y and define X := p 1 (X). As p 1 is proper X is a closed analytic irreducible subset in α −1 (Z). AsX is surjective onZ and contains a non empty open set in Y , X is an irreducible component of α −1 (Z) and is dominant on Z. Conversely, if X is an irreducible component of α −1 (Z) and is dominant on Z then X × Z,str τ −1 (Z) has an irreducible componentX surjective on X (p 1 and τ are proper) andZ := p 2 (X) is an irreducible component of τ −1 (Z) which is surjective on Z. Now fix X,X andZ as above. Using the geometric flattning theorem (for a proper map see [B-M] chapter IV corollary 9.3.1) and Hironaka desingularization theorem, we can find a modification σ :Ẑ →Z such that we have the following situation :
i) The proper mapτ := τ • σ :Ẑ → Z is equidimensionnal withẐ smooth an connected.
ii) The strict transformα :X →Ẑ of p 1 by σ is a GF map.
iii) The projection p :X → X is proper and surjective. proper direct image in this context we shall conclude thatΓ is a (locally finite dimensional) reduced complex space with the sheaf of holomorphic functions induced from N × C f n (M). As each fiber of χ is a closed subset in a fiber of τ , the fibers are compact. We have now to prove that the map χ is closed. Let F be a closed set inÑ and choose a sequence (ỹ ν ) be a sequence in F such that the sequence (χ(ỹ ν )) converges to (y, C) ∈ N × C f n (M). Then, up to pass to a sub-sequence, we can assume that the sequence (ỹ ν ) converges to someỹ ∈ τ −1 (y) ∩ F by the properness of τ . Then by continuity of χ we have χ(ỹ) = (y, C) and so χ(ỹ) is in χ(F ).
in N such that the restriction of π to M \ π −1 (M) → N \ Σ is quasi proper and n−equidimensional, and a holomorphic map ϕ : N \ Σ → C f n (M ) such that for y generic in N \ Σ we have ϕ(y) = |ϕ(y)| = π −1 (y). Assume that the condition (@) is satisfied. Then π is quasi-proper.
Remark that, thanks to the corollary 3.2.3 we keep the hypothesis (@) forπ V , and then, thanks to the lemma 4.1.5, the mapπ is again quasi-proper. Remark that it is not true in general that the strict transform by a modification of a quasi-proper map is again quasi-proper (see the example following the proposition 3.2.7).
Proof of the proposition 4.1.4. As π is quasi-proper, there exists only finitely many irreducible components of π −1 (y 0 ). Let Γ 1 , . . . , Γ N be the irreducible components of π −1 (y 0 ) which have dimension n + k. Choose on each of them a generic point x i , i ∈ [1, N], and adapted (n + k)−scales E 1 , . . . , E N , E i = (U i , B i , j i ) with the following properties:
i) The polydisc U i and B i contain the origin ; let pr i : U i × B i → U i be the projection.
ii) The point x i is in the center of E I and pr i (j i (x i ) = (0, 0).
iii) j i (Γ i ∩ j i (y 0 , 0) = {x i }, up to shrink V , we can assume that each map θ i is proper and finite. We know that for generic y in V the analytic set θ i (π −1 (y) ∩ W i ) has dimension n so cannot contains {y} × U i ; then the closed analytic set Z i := {y ∈ V / {y} × U i ⊂ θ i (π −1 (y) ∩ W i )} has empty interior in V . Let I i be a coherent ideal in O V such the strict transform of π : W i → V by the blowing-up of I i has no longer a fiber of dimension ≥ n + k. See [B-M] ch.III proposition 6.1.5 for the existence of such a coherent ideal with Supp(O V I i ) ⊂ Z i . So consider the blow-up τ :Ṽ → V in V of the ideal I which is the product of the I i for i ∈ [1, N]. It will give a strict transformπ V :M V →Ṽ of π |V by τ whose fibers has dimension at most n + k − 1, concluding the proof.
Proof of the theorem 4.1.1. First we shall consider the case where all fibers of π have dimension at most n. The lemma 4.1.5 gives that π is quasi-proper and so its image is closed. So the map π is surjective and n−equidimensional. If ν :Ñ → N is the normalization map, then the strict transformπ :M →Ñ of π is again n−equidimensional and surjective and so we have a holomorphic map ϕ :Ñ → C f n (M ) classifying the fibers ofπ, meaning thatπ is a GF map.
Assume now that the local version of the theorem is proved when the maximal dimension of a fiber is n + k − 1, with k ≥ 1. Then the proposition 4.1.4 shows that this local version is also true when the maximal dimension of a fiber is n + k. This proves the local version of the theorem. But then the corollary 4.1.3 shows that the local version of the theorem implies the theorem itself, concluding the proof.
Remark. The corollary gives a more precise result than what we state in the theorem 4.1.1 : there exists a natural modification of N which factorizes any modification of an open set U in N such that the map ϕ U \Σ extends holomorphically on it. So the map ϕ is meromorphic along Σ and the natural modification of N is simply the graph of this meromorphic map (see 2.4.6).
